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THE APRIL MEETING OF THE CHICAGO SECTION. 


Tue third regular meeting of the Chicago Section of the 
AMERICAN MATHEMATICAL Society was held at the Univer- 
sity of Chicago on Saturday, April 9th, the first session 
opening at 10 o’clock a.m. The following members were 

resent : 

Dr. E. M. Blake, Dr. Harris Hancock, Professor Thomas 
F. Holgate, Mr. Herbert G. Keppel, Dr. Kurt Laves, Pro- 
fessor Heinrich Maschke, Professor E. H. Moore, Professor 
J. B. Shaw, Dr. H. F. Stecker, Professor H. 8S. White, Pro- 
fessor Alexander Ziwet. 

Professor E. H. Moore, Vice-President of the Society, oc- 
cupied the chair. 

The following papers were read : 

(1) Professor James Byrnie SHaw: Dual algebras.’’ 

(2) Dr. E. M. Brake: ‘ The ellipsograph of Proclus and 
its inverse.’’ 

This paper, which embodied an earlier one* upon the 
same mechanism, described, first, the surfaces generated by 
any straight line carried by either of two circles, of radius r 
and 2r respectively, lying in the same plane and rolling the 
one upon the other, these surfaces being of the fourth 
order ; and second, the envelopes of carried planes, these 
being of the sixth order and fourth class for the ellipso- 
graph, and cones for the inverse mechanism. The paper 
was illustrated by thread models showing the principal 
types of these surfaces. 

(3) Professor Ropert J. Atey: ‘‘ A triangle related to 
Nagel’s triangle.’’ 

(4) Dr. L. E. Dicxson : ‘‘ The structure of the hypo-abe- 
lian groups.’’ 

The paper announced marked simplifications in the general 
conception and in the detailed developments of the theory of 
the hypo-abelian groups of Jordan, and of the author’s gen- 
eralization of the first hypo-abelian group just appearing in 
the Quarterly Journal of Mathematics. 

(5) Dr. Kurt Laves: ‘‘ On the most general form of the 
inner potential consistent with the complete integration of 
the differential equations of motion of a free system of two 
bodies ’’ (preliminary communication). 


***On a ruled surface, etc.,’’ abstract in BULLETIN, vol. IV., pp. 186. 
This paper will not be pubtisheil separately, owing to its incorporation in 
the present one. 
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(6) Dr. SHunxicu1 Kimura (presented by Professor J. 

B. Shaw) : 
I. ‘* Quaternion notes.’’ 

II. ‘‘ Introduction to the theory of functions of a qua- 
ternion or a vector variable.’’ 

(7) Professor W. H. Merzier : ‘‘ On the roots of a deter- 
minantal equation.”’ 

In the American Journal of Mathematics, vol. 19, Dr. 
Thomas Muir showed that the roots of the equation 


li—z,21 ,18 ,-|=0 
21 ,22—2,238 


are all real in case Ip-py-vl and 1p- is 
positive. Inthe present paper the writer shows that the 
roots of this determinantal equation are pure imaginaries 
when Ip-w-vl=—~ypl-vu-1ly,1e2-pl is negative, and 
Al = 0. 

(8) Professor H. MascuKe: ‘‘ Concerning the case where 
a linear substitution-group of finite order in n variables 
breaks up into groups in a lower number of variables.’’ 

If a linear substitution-group G in n variables is of finite 
order and contains at least one substitution, the character- 
istic equation of which has all its roots distinct, then the 
following theorem holds true : If at least one coefficient oc- 
cupying a certain place (not in the main diagonal) in the 
matrix of the substitutions of G vanishes for all the substi- 
tutions, then the group breaks up into two groups in n — p 
and in p variables, respectively. The paper containing the 
proof of this theorem will be published in the Mathematische 
Annalen, vol. 50. 

(9) Professor E. H. Moore: ‘‘ A two-parameter class of 
solvable quintics, in which the rational relations amongst 
the roots; by threes, do not contain the parameters’’ (pre- 
liminary communication). 

At the opening of the afternoon session Professor Michel- 
son, of the University of Chicago, favored the section with 
an exhibition of the workings of his new harmonic analyser, 
a description of which was published in the American Jour- 
nal of Science and in the Philosophical Magazine for January, 
1898. 

Tuomas F. 
Seeretary of the Section. 
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THE THEOREMS OF OSCILLATION OF STURM 
AND KLEIN. (SECOND PAPER.) 


BY PROFESSOR MAXIME BOCHER. 


{Read before the American Mathematical Society at the Meeting of Feb- 
ruary 26, 1898.) 


Tue following pages form a continuation of §§ 1, 2 of a 
paper presented under the same title to the Society at its 
December meeting and printed on pp. 295-313 of the pres- 
ent volume of the BuLLetin. This paper will be referred 
to for brevity as Th. of Ose. 1. No use is here made of the 
results contained in § 3 of the paper just mentioned, these 
results being merely very special cases of some of those now 
given. 

In §1 of the-present paper, after proving two simple 
theorems of Sturm, by a method different from that used by 
him, I have used them to throw Sturm’s theorem of oscilla- 
tion into a slightly generalized form. In §2 I have proved 
Klein’s theorem of oscillation in a very general form, al- 
though as I have restricted myself here, as in the previous 
paper, to the case in which the.coefficients of the binomial 
differential equations are continuous the cases here consid- 
ered are not yet the most general ones. I expect in a sub- 
sequent paper to come back to these more general cases 
which do not seem to present any serious difficulty. 

The truth of the theorems proved in §2 (at least in im- 
portant special cases) has been suspected by Klein partly 
from analogy with the special cases in which the differential 
equation has a polynomial solution, and partly from analogy 
with the simple cases of Lamé’s equations (I use the term 
here in Klein’s most general sense) with two or at most 
three variable parameters, in which cases he had given rough 
geometrical proofs which however made no pretense at 
rigor.* In the more complicated cases no proof of any sort 
has as far as I know been given. 


§1. Sturm’s Generalized Theorem of Oscillation. 


We will assume that in the intervala=z=b p(x) and 
q(x) are single valued continuous real functions of the real 


*Cf. Klein’s lithographed lectures: ‘‘ Ueber lineare Differentialglei- 
ehungen der zweiten Ordnung,’’ p. 401-431. We shall see that the re- 
striction which Klein here ‘makes to equations which are every where reg- 
ular is unessential. 


366 THEOREMS OF OSCILLATION. [May, 


variable z We know (Th. of Ose. 1, (E)) that in this 
interval no solution of the equation : 


(1) + + =0 


which is not identically zero can have more than a finite 
number of roots ; and also* that, if y, and y, are two linearly 
independent solutions, between two successive roots of y, lies 
one and only one root of y,. 
We proceed now to a theorem which enables us to com- 
pare different solutions of the same differential equation in 
the same way as the first theorem of comparison (Th. of 
Ose. 1, Theorem I) enabled us to compare corresponding 
solutions of different equations : 
I. Assuming that y, and y, are two solutions of (1) such that 
y,(@) 4-0 and (except when ¥,(4) = = 0 when no further assumption 
necessary) /9,(a) (@)/y,(4)5 then, if y has 
roots x, such that a<4,< 2," <2, <b, y, has just n roots in 
the interval a <2 < z,. 
For in the first place, since y, is clearly linearly independent 
of y,, in each of the intervals z,=7=72,,,(t=1, 2, ---,nm —1) 
y, has one and only one root. Tt is then merely necessary to 
prove that the same is true for the intervala<z=<z,. If 
y,(a) = 0 this follows as before since a and z, are then two 
successive roots of y, If y,(a) +0 it is also clear at once 
that y, cannot have more than one root in the interval 
@ <2z=z,, as otherwise y, would have a root there. If then 
we can prove that the assumption that y, has no root in the 
interval just mentitbned leads to a contradiction, our theo-- 
rem will be proved. Consider the function : 


which is clearly a solution of (1) linearly independent of y,. | 
Since y(a) = 0 and #/(a) > 0, y(a+e) will, for small posi-- 
tive values of ¢, be positive.. Now if y,(z) had no root in 

the interval a y,(z,) and y,(@) would have the 

same signs, so that y(z,)= — y, (z,) / y,(a) <0, and there- 

fore y(z) would have at least one root in the interval 

a<2z<z,. Therefore, since y(a) =0, y,(x) would have at 

least one root in this interval, and this is contrary to hy- 

pothesis. 


*I have recently had occasion to discuss this familiar theorem of Sturm.. 
See BULLETIN for March, 1897, p. 210. 


| 
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We come now to a proposition analogous to the second 
theorem of comparison (Th. of Ose. 1, Theorem IT) : 

II. Assuming that y, and y, are two solutions of (1) satisfying 
the same conditions as in Theorem I, and having in the interval 
a<2<b the same number n of roots Renal Sea): then if 
y,(6) += 0 we shall have y,(b) 4-0 and 


(b) y,'(6) 
y,(6) ~ 4,(6) 


That y,(6) +-0 follows at once from Theorem I, as other- 
wise y, would have n + 1 roots in the intervala<2<b. In 
order to prove the remainder of the theorem we will use 
Abel’s formula : 


in which k is a real constant different from zero. Dividing 
this equation through by y,y, we see that, except when y, or y, 
is zero, y,'/y, — ¥,/y, has the same sign ask/y,y,. More- 
over this sign is by hypothesis posftive when z= a, except 
when y,(a) = 0, in which case it is clear that for a value of 
x @ little greater than a the sign is positive since it is the 
same as the sign of y,'/y,, Now when z= 6 the sign of 
y,y, is the same as when z is equal to or a little greater than 
a, since y, and y, change sign the same number of times in 
the intervala<2<b. Accordingly y,’/y, — y,'/y, is posi- 
tive when z = b, as was to be proved. 

We proceed now to a generalized form of Sturm’s theorem 
of oscillation : 

If when and L >A> kk, (x, A) is a single 
valued continuous function of (x, 4) and if, when a=x=b and 
=e (a, tf moreover 


lim ¢ (z,4) = + wandlim ¢ (2,4) = — 
A=L 


EXCEPT PERHAPS FOR A FINITE NUMBER OF VALUES OF & IN 
THE INTERVAL a=2=); then there will be one and only one 
value of A(L>A’>1), ) for which the equation : 


L=+o, orl! =— o, or both L and / may be in- 
nite. 

+ The equality sign must not hold for all values of z in the interval 
a=z=6 (ef. Th. of Osc. 1, p. 304 and 305, footnotes). 


| 

| 
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has a solution which has just m roots in the interval ax z<b 
and which satisfies the conditions : 


a'y(a) — ay(a) = 0, 
f’y(b) — Ay (b) = 0. 


It should be noted that except for the clause printed in 

small capitals the theorem just stated is identical in sub- 
stance (although stated in a somewhat different form) with 
the simple form of Sturm’s theorem of oscillation (Th. of 
Osc. 1, Theorem VIII).* In order to prove the theorem 
in all its generality it is clearly sufficient to prove that : 
(a2) we can find a quantity /, such that when 1</ =I, every so- 
lution of (2) has more than m roots in the interval a < z <b; 
(#)we can find a quantity L, such that when LZ, =14 < Lthe 
solution of the differential equation for which y (a) =a, 
y (a)= a’ does not have any root in the interval a < «= band 
(when +0) such that (6) /y (6) > 


* This identity follows from the following fact : 

If when a=z=b and L>2>1, (2, 4) is a continuous function of 
(x, 4;; and if when L>2!> o(z, 2!) = ; 
Slim (2,2) =+ then no tter how 


large a positive quantity M we may ye it is possible to find a quantity K 
such that when L>2>K anda=z=b, ¢(2,2) > 

The idea contained in this theorem might be expressed by saying that 
$(z, 2) towards + @ uniformly the interval a=2=b. 
As I am unable to refer to any place where this theorem is proved I will 
give a proof of it here. 

Take an infinite number of values /,'2/’, 2/”’, ... such that 1< 2’ < A/”” 
<...< Land such that lim 4 = L. Then we have p(z, 2’) < 9(2,4/’) 


<...and lim 9(z, 2™)=-+ ow. Now let 2, be that value (or one of the 


values) of z in the interval a=z=b at which ¢(z, 2) is smallest. 
Then either lim $(z,, 2'")) =-+- o, in which case our theorem is evidently 
true, or we can find a positive quantity M so large that no matter how 
large n is ¢(2n, 4!) <M. Toshow that this last case is impossible let 
us consider the points 2,, 22, %3,...._ These points must have at least one 
limiting point in the interval a=z=b. Let z besuch a limiting point. 

Now by hypothesis it is possible to take 2 so near to L that ¢(z, 2) > Uf. 
Suppose then that when n > n,, 9(z, 2!) > M. Since 9(z, 2!")) is con- 
tinuous at z it is possible to take the positive quantity ¢ so small that 
throughout the interval from z —e toz + .¢ 9(z, 2(":)) > M, and accord- 
ingly when > n,, ¢(z, > Mthroughoutthisinterval. But this isim- 
possible since there are within this interval an infinite number of the 
points 7,, ... at which 2™) <M. 

I will add that from this theorem may he deduced (or conversely that 
this theorem may be deduced from) the theorem that if a series whose 
terms are continuous functions converges throughout the interval a=z 
=b toa continuous limit and if the terms of the series in this interval 
are nowhere negative, the series is uniformly convergent. 
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That we can find a quantity 1, as described in (a) is ob- 
vious at once. For leta, and b, be two points, such that 
a=a, <b, =) but such that none of the points at which the 
formula lim ¢(2,4)= — fails to hold lie in the interval 

A= 


a,=2=5.. "Then we can take /, so that when /< isl, 
(m +1)? 

(a, =2=5,) so that (Th. of Ose. 1, 
Theorem V) every solution of (2) has at least m + 1 roots 
in the interval a, << z < 5, and therefore a fortiori in the in- 
tervala<z<b. 

The proof that we can-find a quantity L, as described in 
(A) is less simple. Let us first consider the case in which 
the formula lime g(z,4)=+ oholds at all points of the in- 


tervalasrz= = =} except at one or both of the extremities a, b.* 
Let us denote by y,(z, 4) and y, (z,4) the solutions of (2) 
which satisfy respectively the relations : 


y,(a, 4) =a, y,'(a,4) =a’ and y,(b, 4) = 8, y,'(b, 4) 


Choose arbitrarily a fixed quantity ‘A such that l<ic L. 
Then since y,(z, 2) and y,(z,4) each has at most a finite 
number of roots in the interval ab it is possible to find a 
positive quantity « so small that letting a+¢«=a, and 
b—«=b, y,(z, 4) has no root in the interval a < x Sa, and 
y,(z,4) has no root in the intervalb, =z<b. It fol- 
lows by the first theorem of comparison (Th. of Ose. 1, 
Theorem I) that when y,(2, 4) and y,(z, 2) have 
no roots in the intervals a < x Sa, and b, =x < b respect- 
ively. By the second theorem of | comparison (Th. of Ose. 
1, Theorem II) it follows that when 1 <A < L: 


_ If now we denote by y (2, A) the solution of (2) for which 
y(a,, 4) =; (a,, 4) and y/(a,,4) =y,' (a,,4) (so that when 
A=1, y, and y are identical), we see (Th. of Osc. 1, 
Theorems III and IV) that it is possible to find a quantity 


* This is, in fact, the only case we shall make any application of in 
this paper. The more general case would, however, be necessary in the 
problem mentioned in the third footnote on p. 376. 

t The reversal of the sign of inequality here is due to the fact that in 
order to apply the theorem of comparison we must introduce the new 
variable z’ = — z and this reverses the sign of y,’. 


= 
= 
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L,(4< < L) such that when L,=2 < LZ, y(z,4) has no 
roots in the interval a,=z2= <5, and 4/(6,,2) / a) 
> y,/(b,,4) /y,(b,, 24). Let us now compare y, and y with 
each other by applying Theorems I and II of the present 
paper to the interval a,=z=b, We see that. when 
L,<A< L, y,(a, 4) has no roots in the interval a,=256, 
(and therefore none in the intervala <z=b,) and that 
2) / > (bys 2) / (by 2) > By 2) (by) 
Finally applying the same theorems again to the interval 
b,=z>=b so as to compare y, and y, we see that when 
L, SF < L, y,(z, 4) has no roots in this interval (and there- 
fore none in the interval a <2 <b as was to be proved), 
and that: y,'(b,4) / y, (6,4) > y,' (6,4) /y, (6,4) = 
(as was also to be proved). 

If now the formula lim g(x, 4) = + @ fails to hold at the 


points ¢,, ¢,, -- ,¢,, a8 well as perhaps at the extremities a, b 
of the a “we can easily prove the existence of the 
quantity L, described in (#) by breaking up the interval ab 
into sub-intervals ac,, ¢,¢,, +-,¢,b. Then it is clear from the 
special case we have just treated that we can find constants 
LI’, L’”, ---, such that : 

(1) when L’=1<L the solution of (2) for which 
y(a, 4) =a and y(a,4) =a’ has no root in the interval 
and satisfies the relation 7/(c¢,, 4) /y(¢,,4) > 1; 

(2) when SA < L (i=2, 3, ---, &) the solution of (2) 
for which ¥/(¢_;, 4) / y (¢-1, 4) = 1 has no root in the interval 
¢,, =x Se, and satisfies the relation 7 (¢, 4) /y(¢,4) >1; 

(3) when < L the solution of (2) for which 
y'(¢,,4) /y (¢,,4) =1 has no root in the interval ¢,=z=b 
and (when £-+-0) satisfies the relation 


¥ (6,4) /y (6,4) 8B. 
If we let LZ, be the largest of the quantities L’, L’, 
-, the truth of follows at once from Theorems I 
and II of the present paper. 
§2. Klein’s Generalized Theorem of Oscillation. 


We start here from the differential equation (1) in which 
we will suppose the coefficient g to have the form : 


q(z) = 7(2) + + 
and we will suppose that the functions p(x), 7(z), and ¢(2) 
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do not involve the parameters C,, C,,---, C, Let there be 
given k + 1 finite intervals a,b,, a,b, ---, a,b, such that : 


and let us assume that throughout each of the intervals 
@,=2=b6,(i=0,1,--, k) the functions p(x), and 
¢(z) are single valued, continuous, and real, and that ¢(z) 
does not change sign in any one of these intervals nor have 
an infinite number of roots in them. Then we may state 
Klein’s generalized theorem of oscillation as follows : 

IV. There is one and only one real determination of the param- 
eters C,, C,, ---, C, for which the equation (1) has k + 1 solutions 
Yor Such that y,(i=0,1,--, k) has just m, roots in the 
interval a,< z < b, and satisfies the conditions : 


a,/y,(a,) (a,) = 0, 
8) #'y,(b,) — By (b,) =0. 


In this theorem the quantities m, are any integers posi- 
tive or zero and a, a/, 8, 8/ are any real quantities subject 
only to the restriction that «, and a/ are not both zero and 
that f, and f£/ are not both zero. 

In order to prove the above theorem we will introduce 
the variables : 


where g, and f, are real constants which may be arbitrarily 
chosen provided g,+-0, and &, is any real constant subject to 
the condition a,=&,=5, It should be noticed that the vari- 
able t,as thus defined is real when a,= z =5,, and that this in- 
terval of the z-axis corresponds in.a one to one manner to 
a finite interval o,,; of the ¢-axis. Written in terms of i,, 
(1) has the form : 


(4) 
where : 
i 


It is important to bear in mind in the following work that 
if a solution y, of (1) regarded as a function of z has 
m, roots in the interval a, < x < b, and satisfies the two con- 


= 
= 
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ditions (3), the same function regarded as a function of 
t, will be a solution of (4) having m, roots in the interval 
<1, (ort,<t,< and will satisfy relations of the 
form : 


a/y,(¢,) ay! (4,) =0, 


(5) is 
By; (*,) =0, 


where y/ = = and where a, and f, are constant (not zero) 


multiples of a, and f£,; and that the converse of the state- 
ment just made is also true. 

It is easily seen that if k=0 Theorem IV is merely a 
special case of Theorem III since then if ¢ is negative in 
the interval a,b, ¢,(z) will continually increase (or rather 
never decrease) for every point of this interval as C, in- 
creases from — o to +o and will, except for the points 
where ¢(z) = 0, increase from — to + o; while if ¢ is 
positive the same will be true as — C, increases from — o 
to + «. Theorem IV is therefore true if there is only one 
parameter and one interval. 

Let us then, following the ordinary method of mathemat- 
ical induction, assume that Theorem IV is true for k param- 
eters and k intervals. If from this assumption we can de- 
duce the theorem for k+ 1 parameters and intervals the 
proof of the theorem will be complete. 

Since in (1) we may write: 


=z (2) (2) + + 
where =7(2) + C,2*¢ (2), 


it follows (from the assumption we have made that our 
theorem holds when there are k parameters) that, C, having 
an arbitrarily assigned fixed value, there is always one and 
only one real set of values C,, C, ,---, C,., for which (1) has k 
solutions y,, y,, Satisfying in the intervals ab,(i = 0, 1, 
---, k —1) the desired conditions. From this point on we will 
assume that C,, C,, ---, C,1, have thus been determined as 
single valued real functions of C,. It remains then merely 
to show that there is one and only one value of C, for which 
(1) has a solution y, which satisfies the desired conditions 
in the interval a,b,. 

In order to indicate the dependence of ¢, on C, we will 
write ¢,(z, C,). Let us now assign to C, two different values 
C and C,’ and consider the difference : 
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C/) — 9, (2, C,”) 
— + + (0! — 
Since by hypothesis each of the équations : 
= and =9,(x, Cy 


has a acintion with m, roots in the interval ¢,< t,<r, 
(t= 0,1, --, k—1)and since these two solutions satisfy the 
same indiiens (5) it follows at once from the theorems 
of comparison (Th. of Ose. 1, Theorems I and II) that 
the above difference must change sign in the interval 
o,<t,<1, that is in the interval a,.<2<b,. It follows 
that the polynomial : 


must have a root x, in this interval. Accordingly when 
+=0, 1, ---, k: 


(6) (2, C/)— (2, C,”) 


where a,<2,<6( 7=0,1,--,4—1). From this funda- 
mental fo rmula we can doiines several important results : 

(2) 9, (a, C,) is when a, =2=5, and for all values of C, 
a continuous function of (x, Cy and therefore of (t,, C,). 

For in the first place it is clear that it is a continuous func- 
tion.of x, so that however small the positive quantity « may 
be, we can choose the positive quantity ¢, so small that when 
la—z|<4, | 9, (2, —¢, (2, C,)|<«/2. Moreover from 
(6) ¢, (2, C,)—¢, C,) |< C,—C,| where K is a posi- 
tive constant, independent of x, C,and C,.* From the last 
formula it is clear that however small « may be, we can 
choose a positive quantity 3, so small that when 


G1 <4, le, (2, C.) — ¢, (x, < ¢/2. 
* We need merely to take K greater than the greatest value of « 


1 1 y (2) (2—a) ... 


in the interval a, =2z=k. 


= 
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Accordingly letting ¢ denote the smaller of the two quanti- 
ties 6, and 6, we see that when 

C,— 1<4, (2, C)— 9, (2, 
that is ¢, (z, C,) isa continuous function of (z, C,) as was 
to be proved. 

(8) Ci > Cf" then ¢,(2, C/)= ¢,(2, * (a 
provided that (2) is negative in’ this interval ; otherwise 
#,(2, C') S¢,(z, 

(ry) Except at the points at which ¢(x) = 0 and perhaps the 
point x =a, we have at every point x of the interval a, =x =b,: 

jim ¢,(z, C,) =o. 


The truth of (4) and (7) follows immediately from (6). 

Accordingly ¢,(z, C,) is at every point of the ag 
a, i.¢., of ¢, =t, St,, a continuous function of (t,, C,) 
which, except ‘at a finite number of points, continually i in- 
creases with C,(or — C,), and except at a finite number of 
points increases from — to as C,(or— C,) varies 
from — © to+o. Sturm’s generalized ‘theorem “of oscil- 
lation (Theorem ITT) tells us therefore that there is one 
and only one value of C, for which (4) has a solution satis-_ 
fying the desired conditions in the interval o,7, and the 
proof of Theorem IV is complete. 

We proceed now to a generalization of the preceding 
theorem : 

V. In Theorem IV we may at some or at all of the points a, 
b, drop the requirement that the functions p(x), x(2), and d(a) 
be continuous provided that as x approaches these points the func- 
tions t,and y, approach finite limits.t| We must, however, then 
at these points replace conditions (3) by conditions (5), the two 
sets of conditions being then no longer equivalent. 

It is not necessary to give any new proof of this theo- 
rem as the proof just given of Theorem IV applies at once 
since what is essential in that proof referred not to the 
form (1) of, the differential equation but to the binomial 
form (4). 


We proceed now to recall certain important special cases 
of (1) to which Theorems IV and V apply: 


* The equality sign holding at most for a finite number of values of z 
namely for the points if any at which ¥(z) — 0. 

tI should like to add here that we need not even require that the 
limit of 9; be finite, all that is necessary being that ¢: do not become in- 
finite too rapidly as z approaches a, and b,. The exact statement of the 
conditions here as well as all proof I must, however, reserve for a future 
occasion. 
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The most general homogeneous linear differential equa- 
tion of the second order with rational coefficients which is 
everywhere regular and has as its finite singular points the 
e, (¢=1, 2,---, n) with xf, is 


ene y= 0 
where f(z) = — 4) (@ — — 


and f’(z) = df(z)/dz. The point z=, the product 
of whose exponents is 0,_., may be singular or non-sin- 
gular. 

We will suppose that the coefficients of this equation are 
real for real values of z. For this to be the case it is nec- 
essary and sufficient that : 

(a) the singular points ¢,, ¢,,---, ¢, be conjugate imagi- 
naries in pairs in so far as they are not real ; 

(6) the exponents </, x/’ of a real singular point e, be 
either real or conjugate i imaginaries ; 

(¢)' the exponents ~/, x,” and ~/, x" of two conjugate i im- 
aginary singular points ¢, and ¢, be go related that z/ is the 
conjugate of one and that, xf i is the conjugate of the other 
of the two quantities </ 

(d) the quantities , C, be real. 

Let us now take k + 1 intervals a, b, (en = 0,1, ---, on the 
real z-axis as on p. 371, i. €., 80 that no two of thane intervals 
overlap and none of the points % C1) yy ***, €, lie within or at an 
extremity of any of these intervals. If we suppose that 
k=n—2 we see that we can determine the parameters 
C,, -Ci—1, -- , C, by means of the Theorem of Oscillation IV. 

Let us now assume that in equation (7) one of the sin- 
gular points, which for the sake of simplicity we will take 
as ¢,, is real and that x,” = 0 while ~</ is real and satisfies 
the inequality 0<x’=4. Then if one of the intervals 
a,b, has an extremity at ¢,, we see that ¢, and y, approach 
finite limits as x approaches ¢,, so that we see by Theorem 
V that we can still determine the parameters C,, Uz—1,°--, CU, 
by means of the theorem of oscillation. 


*Cf. for instance my book: ‘‘ Ueber die Reih twickelungen der 
Potentialtheorie,’’ pp. 112-113. 
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It goes without saying that any number of the extremi- 
ties of the intervals a,b,(t = 0, 1, --- , k) may lie at singylar 
points provided that the conditions above stated for the 
point e, are satisfied at each of these points. 

It should be noticed that the generalized Lamé’s equa- 
tion, whether looked at from Heine’s* or from Klein’st 
standpoint, has as the exponents of each of its finite singu- 
lar points the values 0, 4, so that in this case any or all of 
the intervals a,b, may reach up to singular points. 

We will note in conclusion that the cases we have just 
mentioned by no means exhaust the important applications 
of Theorems IV and VY. For instance, the degenerate 
forms of Lamé’s equation where two or more singular points 
coincide come immediately under Theorem IV. 

HARVARD UNIVERSITY, CAMBRIDGE, MAss. 


THE CONSTRUCTION OF SPECIAL REGULAR 
RETICULATIONS ON A CLOSED SURFACE. 


BY PROFESSOR. HENRY 8S. WHITE. 


{Read in part at the Mathematical Conference in Chicago, January 1, 
1897, and in final form at the Meeting of the American 
Mathematical Society, April 30, 1898.) 


INTRODUCTORY. 


THE reticulations whose existence is here to be discussed 
are called regular because of two properties : the number of 
termini of edges assembled in one vertex is the same for all 
vertices of the reticulation, and the number of edges in the 
boundary of a face is the same for all faces. These two 
numbers, r and s, together with p, the deficiency of the 
supporting surface, shall be assumed to characterize the 
reticulation sufficiently for present purposes. Of regular 
reticulations classified on this basis, only a finite number of 
classes are possible on a surface of given deficiency. Some 
of these possible classes, if p > 2, are derivable from those 
of lower deficiency ; those not so derivable are properly 


* Handbuch der Kugelfunctionen, vol. I., p. 445. 

+ Cf. my book: ‘‘ Ueber die keih twickelungen der’ Potential- 
theorie,’’ p. 114. 

t It is in fact easy to see that they may turn back at thesingular points 
and thus cover parts of the z-axis more than once. Cf. p. 123 of my book 
just referred to. 
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called special or primitive. In a paper* read at the Buffalo 
meeting of the American Matuematicat Society I ex- 
plained this distinction, and showed tables of all primitive 
regular reticulations for deficiencies 2 and 3. Those tables 
had only a restrictive, not a positive significance ; and fortu- 
nately I was able to show also sets of models proving em- 
pirically the existence of types of all classes admitted by the 
tables. 

Further study shows that there are certain connections 
among the tabulated numbers, rendering probable the deri- 
vation of types of all the classes belonging to the same sur- 
face from a single fundamental reticulation, provided that the 
deficiency of the surface is lower than 9. Professor Ellery W. 
Davis has demonstrated the occurrence of exceptional pairs 
of characteristics r, s, devoid of such connection, and has 
thus shown critically one of the limitations of the present 
discussion. Excluding such Davis reticulations,-we find our 
problem reduced to that of the construction of one funda- 
mental reticulation for each surface. This can always be 
effected, by a method due to Riemann, the so-called canon- 
ical dissection of a Riemann surface, with cercain obviously 
admissible modifications. 'The method allows, moreover, an 
examination of the grouping of the several faces about each 
vertex ; or dually, of the vertices about each face. While 
it is not proposed here to develop these minutiz, it is desired 
to give a working outline of three essential parts of the 
systematic verification of each table of admissible reticula- 
tions : 

1. The mutual derivations of two dual reticulations from 
each other ; 

2. Two (dual) processes for multiplying the number of 
vertices or faces ; 

3. The dissection of a Riemann surface into a funda- 
mental polygon. 

To obviate confusion it should be understood that the 
regularity of these reticulations is not the same as that de- 
fined by Dyck and Klein in function-theoretic investiga- 
tions ; the two definitions overlap, but neither includes the 
other. 


§1. Duatrry. 


Two reticulations are dual to each other when the num- 
bers r, 8, V, F, of the first are equal respectively to 3’, 1’, 
F’, V’, of the second ; and when each face of the one corre- 


*Printed in BULLETIN for December, 1896, pp. 116-121. 
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sponds to a vertex of the other in such a way that the suc- 
cession of vertices about each face corresponds exactly to 
the succession of faces about the corresponding vertex. 
From this definition it is clear that if one of two dual 
reticulations is regular, the other must be so. Either may 
be derived from the other, so far as its numerical or tactical 
character is concerned, in the following way : In each face 
of the first, assume a point for a vertex of the second. On 
every edge of the first, mark a point where an edge of the 
second shall cross it. Connect each new vertex to the 
designated points on all edges of the face in which it lies, 
and consider as one continuous line every pair of these 
join-lines which meet at an edge of the first reticulation. 
Then the new vertices and lines will constitute a second 
reticulation dual to the first. For the numbers r and s of 
the first are by construction equal to s’ and 7’ of the 
second, likewise V and F to F’ and V’ respectively. And 
since two faces in contact along an edge are replaced by 
two vertices terminating a new edge, and vice versa, there- 
fore the order of succession about each face and about each 
vertex has been strictly preserved, as the definition requires. 
The same freedom to substitute one of two dual figures 
for the other, which is allowed in projective geometry, is 
therefore allowed equally in every purely topological study 
of reticulations. Of practical importance is this observa- 
tion only when, of two dual reticulations whose existence is 
to be proved, the one is somewhat the easier for the intui- 
tion to grasp. 
§2. MULTIPLYING THE NUMBER OF FACES OR OF VERTICES. 


If a regular reticulation is given, and the tables show as 
possible a second which has the same number of vertices, 
while the number of faces is an exact multiple of that in 
the first, the obvious way of deriving the second from the 
first is by drawing diagonals from vertex to vertex as often 
as necessary. This does not change the order of sequence 
among faces already meeting at any vertex, but inserts one 
new face with every diagonal drawn from that vertex. In 
each face, the initial point of each required diagonal may 
be arbitrary, and hence a comparatively large number of 
alternatives may have to be tried before finding one that 
satisfies the obvious restriction : that all vertices are to become 
termini .of the same number of diagonals. A finite number of 
trials will always prove whether it is possible to effect the 
proposed modification upon a reticulation of given type. 

Reversing now the significance of the numbers, suppose 
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that a second reticulation is to be derived from the first by 
retaining the number of faces but multiplying the number 
of its vertices. For this purpose the edges may be thought 
of as elastic fibres, the termini as loops or eyelets sliding 
freely upon all other edges. At each vertex of the given 
reticulation the termini are to be divided into groups of 
suitable size—the extremes larger by one than the interme- 
diate groups ; and each group is thought of as sliding away 
from its next preceding neighboring group along some edge 
apportioned to it. The point where it rests becomes a new 
terminus. Otherwise the termini at a vertex may be re- 
garded as clustered along a small but extensible circle, which 
is to be cut at some selected point and stretched until the 
segments of arc between clusters become edges of finite 
length. Each such intercalated edge augments by one the 
number of boundaries of two faces; and the restriction is 
like that imposed a moment ago upon the dual operation, 
that all faces must have the number of their edges augmented alike. 


TABLEs OF SPECIAL REGULAR RETICULATION-NUMBEBRS. 


Deficiency : 4, 5, 6, G 8, 9. 
1, 1, 1, 1, 1, 1, 1, 1. 1, i, 
1, 2,1, 2, 1, 25 
18, 25 310 1,, 10, 9, 
16, 245 5. 246 4, le 15, 355 38, 
4, 4, 3,, 22,| 2,, 6, 1,, 30, 5,, 14, 
20, 24 12, 
8, 14, 2,, 24, * 

345 26, 2,, 16, 
4, 4, 2,, 32, 
4, 14, 3,, 34, 
4,, 28, 4, 4y 
6, 8, 4, 5, 
6,, 32, 4,, 12, 
8,. 18, 4,, 18, 
12,, 44, 4,, 36, 
6,, 10, 
6,, 40, 
8,, 22, 
10, 16, 
12,, 52, 
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These processes may suffice for verifying empirically any 
given restrictive table if in the first place a fundamental 
polygon on the surface is given, and if in the second place 
the table shows each pair of values, V and F, to have one 
value in common with a smaller pair. This latter condi- 
tion is fulfilled in the tables previously published for p = 2 
and p = 3, also in the summary on the preceding page for 
p=4, 5, 6,7, 8, but not for p=9. Each set of numbers 
belonging to one reticulation is given in the order F, V,. 
The last two in column 9 are specials of the Davis type. 


§ 3. Dissection oF A RreEMANN SuRFACE YIELDS A FunpDaA- 
MENTAL POLYGON. 


Any finite closed surface may be regarded as an ideal 
Riemann surface. Disregarding its historical relation to 
the theory of functions, we wish to avail ourselves of a 
well-known method belonging strictly to topology or anal- 
ysis situs, for laying out circuits or lines of section which 
shall reduce a multiply-connected surface to a simply-con- 
nected one, with a continuous boundary. If the deficiency 
of the surface is p, that means that exactly p circuits can 
be drawn in it which shall be non-collapsible (irreducible) 
and non-intersecting, and which shall not divide the surface 
into separate portions. After that, p conjugate circuits can 
be drawn, each of which shall be non-collapsible, and shall 
meet one, and only one, of the former circuits, and that in 
but a single point; these circuits also leave the surface still 
one connected whole. If now lines be drawn, connecting 
in series all p points where pairs of conjugate circuits in- 
tersect, the dissection is complete, and the resulting surface 
is simply-connected with a single continuous boundary, 
consisting of all the circuits and join-lines, each traversed 
twice in opposite senses. 

For our use, a better statement of the theorem is this: 
Through any point in the surface 2p non-collapsible circuits can 
be drawn, each of which shall be cut in that point by at least one 
other, and which shall not intersect elsewhere. Such 2p cireuits 
cut the surface into one simply-connected polygon. 

This is evidently a fundamental polygon such as we re- 
quire. It has 1 vertex and 2p edges. In the vertex are 4p 
termini, and its boundary has 4p consecutive edges. Com- 
paring this with the formule 


<8 (4p — 4) -r 
(r—2)(8—2)—4’ 
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we see that r = s = 4p will give the values V =1, F = 1, as 
expected. We conclude: There is therefore on every closed 
(two-sided) surface of deficiency p a fundamental polygon of one 
vertex and having 4p edges united in pairs. 

It is now an easy matter, by either of the two processes 
described above, to cut this polygon by diagonals or inter- 
calated edges, into as many faces with one vertex, or vertices 
upon one face, as there are factors in 4p—2. For if we 
set in the formulz cited above : 


4p — 2=g(s — 2), 
4p + 2g 


we shall find V=1, F= g= any factor of 4p —2. 

This establishes the existence of all tabulated reticulations 
having either Vor F=1. For others, apparently derivable 
from these, the verification needs in each case only a finite 
number of trials. There would arise further theoretical 
questions, of whose solution experiment may be expected to 
furnish some suggestion. Before leaving this topic, it is 
worth while to add a remark, which in many trials leads to 
the highest attainable degree of symmetry—a remark upon 
the arrangement of edges about the vertex of the funda- 
mental polygon. 

The order of the edges about the vertex of the funda- 
mental polygon, or any derivative of it, is arbitrary, under 
the sole restriction that between the opposite termini of 
each several edge there shall occur a terminus of at least one 
edge, whose other terminus does not occur in the same in- 
terval, and all termini must be divisible thus, in at least 
one way, into mutually exclusive sets of four. In other 
words, in the succession of termini about the afore-men- 
tioned vertex, each pair of termini belonging to the same 
edge must be separated by the two termini of at least one 
other edge. This restriction, it will be seen, is always sat- 
isfied by arranging in succession one terminus from each of 
the edges, followed by the opposite termini in the same 
order. Thus each circuit is cut by all the others ; this ren- 
ders also the fundamental polygon dual in type to itself. 

After so much of description of the processes employed, 
it is easy for any one to formulate a notation which shall 
exhibit at each stage of the derivation process : 

1. A definite mark for each edge, this mark to remain 
the same through all stages after its introduction ; 

2. A mark for each vertex, and a list of the edges and 
faces in their order of grouping about each vertex ; 
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3. A mark for each face, and a list of the edges and ver- 
tices in their order upon the boundary of each face. 

” Such a notation must contain a mark of distinction for the 
two sides of an edge ; an easy matter if the direction of 
positive rotation be adopted uniformly in listing arrange- 
ments about the vertices and faces respectively. 

These processes, and the proved existence of fundamental 
polygons, open a range of particular problems of consider- 
able interest. But of even superior interest must be, at 
least until it is solved, the problem of finding a method for con- 
structing, @ priori, upon a given surface the exceptional (Davis) 
special reticulations whose characteristics are given by the restrictive 
tables. 


NORTHWESTERN UNIVERSITY, 
April, 1898. 


SYSTEMS OF SIMPLE GROUPS DERIVED FROM 
THE ORTHOGONAL GROUP. 


BY DR. L. E. DICKSON. 


1. In the February number of the Buiierin I deter- 
mined the order w of the group G of orthogonal substitu- 
tions of determinant unity on m indices in the GF [ p"] and 
proved that, for* p*>5, p+-2, the group is generated by 
the substitutions 


= af, + 
The structure of G was determined for the case p=2. I 


have since proved} that for every m>4 and every p"*>5 of 
the form 8! + 3 or 81+ 5, the factors of composition of G 


: (a? + # = 1). 


* The fact that p* — 3 is an exception was not pointed out in the BuL- 
LETIN. In fact Jordan hal not proven case 2° of 3211 when —1— 
square, so that. the case a? — b?— c?— ...= 1 was unsolved when p = 3, 
m=3k-+.1. The theorem isreadily proven when p* — 3", n > 1; but for 
p" =3 an additional generator is necessary and sufficient, viz., 


1222 
wei 438 


+A preliminary account was presented before the Mathematical Con-- 
ference at Chicago, December 30, 1897. 
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are 2 and w/2 for m odd, and 2,2, w/4 for meven. [For 
later results on the cases thus excluded see §§ 11-15. ] 

For m odd, the orthogonal group G had the same order 
and factors of composition as the linear Abelian group on 
m — indices. Judging from the results for the correspond- 
ing continuous groups of Lie, the resulting triply-infinite 
systems of simple groups of the same order /2 are proba- 
bly isomorphic when m = 3, butnotwhenm>3. § 14.] 

Excluding here the cases m= 5, 6, 7, which require 
lengthy special investigations, I will now give a short, sim- 
ple proof of the above result. The complete memoir will 
appear in the Proceedings of the California Academy of Sciences.* 

The substitutions O form a commutative group of or- 
der} p*+1. A subgroup of index 2 is formed by the sub- 


stitutions 
a. 2088, 


1,2 == 2afé, + (a? — )6.,. 
Indeed, 


Further, its order is 4(p*+1) since Q?f and Qy-} are 
identical if and only ifa=+y, +4, 

If C, denotes ‘the substitution affecting only the index é,, 
whose sign it changes, C, C, is always contained among the 
substitutions 

Since we suppose that p*= 2is anot-square. Thus, 
with /=1, we cannot have Hence if 
T,, denotes the transposition (£,£,), 7,,C, is not of the form 
Q+ 8 but serves to extend the group of the latter to the 
group of the Ov’. Furthermore, if 7 > 2, 7,,C, transforms 
into Qt? and Q%,° into Henceif we extend the 
alternating group on the m letters &, by the substitutions 
Q% 8 we obtain a group H of index 2 under @. 

3. THEorEM: For p*>5, m>7, the maximal invariant 
subgroup of H is of order 2 or 1 according as m is even or odd. 

For m even, H contains an invariant subgroup of order 
2 generated by the substitution 


N: (i=1,--,m). 
Suppose H has an invariant subgroup J containing a substi- 
tution 
* Third Series, vol. 1, No. 4 ; the later results in No. 5. 


t ‘‘ Orthogonal Group in a Galois Field,’’ 3; BULLETIN, February, 
1898, pp. 196-200. 
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S: = (i=1,---,m), 


neither the identity nor N. By suitably transforming S, 
we can suppose that a,,’+<4,’-+-1. Then Sis not commuta- 
tive with C,C, ; for, if so, it would be merely a product of a 
substitution affecting only &, and &, by a substitution affect- 
ing only &,, --,&,- Hence the group J contains the substitu- 
tion, not the identity, 

C, C,8C, C,=8.C, C,, 


where 8S, = S“ C, C,8, of period two, is found to be 
4. Lemma: The orthogonal substitution 


On? E+WE+VE, 
AVE, 4 BNE, + WE, 
where ?+y'+¥%=1, 
transforms S, into 8, where 
a,+¥ 4,, 
a! (l= 1, 2) 
a,’ Wa,+ + Vays 
=4,, (s=1, --,m, st, j, k). 


If 4,+-0, we can choose such that 2,’=0. For 
if ai; + = 0 and therefore a, 4-0, we may take 


=>—— v= 1. 
If aj, + a,+-0, we derive the equivalent condition, 


fu(an + ah) + va, a,,}? + Vai, (a5 + a, + = a, (4, + a), 


which has solutions* for » and v in the GF[p"] except when 
a, + In the latter case the condition + 
+” =1 may be written 

a, = — (pa, — vay)”, 
having solutions if and only if — 1 be a square. 


# BULLETIN, l.c. 2 3. 
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5. Lemma: Ds transforms S, into S,,, where 
a,’ = ha, + + va,, + oa,. 
If a5, + a), + aj, = 0, the values 


— a,,4 da 


= a,’ a’ 
make a, =0, 


6. The invariant subgroup J of H was shown to contain 
the substitution 8’ = 8, C, C, not the identity. Transform- 
ing S’ successively by 


Ons or T,, C, Onn (i=m, m—1, , 6), 


according as the one or the other belongs to H, we obtain, 
by §§ 4-5, a substitution S,’ C, C, belonging to Tand having 
= = = = Also, by §4, we may make 
= 0; for we have 


so that + a,” + 0. 
Next we transform S,:'C,C, successively by 
One: (j =m, m—1,--, 8) 
and obtain in J a substitution S,C,C, having 
a,” =a,'=0, a,”=0 (j=m,~,8). 
The group J thus contains a substitution 


({=1,--,7) 


neither the identity nor N= C,C,-- C,,. 

7. If S be commutative with every C,, it is merely 
product of an even number of the C,, in which certain ones 
as C, are lacking. But if 

S= C,C,C,C,C, 
the group J contains 
= 
and hence, by transforming by aaa even substitutions, 


every product of two C’s. But H contains either Ov or 
0*;2T,,C,, which transform C,C, into Qt ?C,C, and QpFC,C, 


7 
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respectively. Hence the group J contains every Qy among 
which, if p*>5, occurs one different from the identity and 
from C,C,,. 

8. We may thus assume that S is not commutative with 
C,, for example. Supposing m= 8, S is commutative with 
C,. Hence the group J contains the substitution not the 


identity 
S*C,C,SC,C, = Rs C,, 
where Rz=S"'C,S is seen to be 


Rs: (é==1, --,7). 


Transforming by O,,, for i= 6, 5 successively, we 
may suppose that 4, = §,, = 3, = 

It readily seen that a betitation R only 
&,, is not commutative with every 7, (i, 7 = 1, ---, 5) for 
example not with 7,,. Then J contains the sahelieticn. not 
the identity, 


ToT 
where 7;= T,,R has the form 


where 07+ 67+ 62 4+ 67=2. 
9. If 6, = d,=0, 7;T,, becomes Q if we set 
Having I contains also Q+ and and thus the 
product of the two, which reduces to 7, T,,, having 


6,= 228. 


Ifa-f=0, Q:%=C,C,, not being the identity. Then, by 
§7, I contains —_ oi ® and therefore, if p* > 5, a substi- 
tution = T,T,, in which of +0. 

10. Thus I pa a substitution 7; T,, having 4, and é, 
not both zero, say ¢,4+-0. Transforming it by Oss ‘we can 
make the resulting’ substitution 7;' T,, commutative with 
Indeed, the conditions 


16° 
ad, + é,, 1, 


combine into the single condition 


| 
} 
| 
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a? (85 + — 2ad, 8, + = — 


For 4 + 0, a solution is given by y = 0 when 
and by y=1 when 2,=0. For there exist* 
solutions a, y in the GF[p"] of the equivalent equation of 
condition 


{a( + — 8, + = + — di). 
Hence I contains the substitution, not the identity, 


(Ty T.) = Ty (Te Try Tg 
Ty T,, Ty T,,= T,, 


The alternating group on m > 4 letters being simple, the 
group J, containing 7,, T,,, contains the whole alternating 
group. Further, C, C, transforms 7,, 7,, into T,, T,, C, C’, 
so that I contains ¢, U, and therefore every C,C, Hence, 
by contains every Thus the group J coincides 
with H. 


AppENDA} oF Aprit 18. 


11. For p*= 3 or 5, the maximal invariant sub-group of 

H is of order 2 or 1, according as m > 4 iseven orodd. For 
-p" = 3, m = 4, the order of H is 2°-3’, and its factors of com- 
position are all primes. 

12. Suppose p*=8l+1, so that 2 is a square. Let 
Of denote a definite orthogonal substitution not in Q, 2, 
so that 1+ a are not-squares. Denote by H, the group ob- 
tained by extending the group of the Q, ; by all the products 
On? 

TuHEeorEM: H, contains half of the substitutions of G. For 
every substitution of G is of the form 


h,, h,, h denoting substitutions of Now can be 
carried to the right of every Q} and every Q}:* (k, 1+, 7). 
Further, since (Of)? = Qtr *, 
On? Qs" = (OMF)? QP - 


* BULLETIN, 1. c. 3 3. 
t The results here announced will be proven in full in the Proceedings 
of the Ualifornia Academy of Sciences, Third Series, vol. 1, No. 5. 
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Thus § finally takes the form 
W OP? OP Opf=h" Onf. 

13. THEoREM: For m>4, p=2, the maximal invariant 
sub group of H, is of order 2 or 1 according as m is even or odd. 

For m> 7, the group is similar to that for the gromn H 
as given shove. In §6 we replace Ty, C, Ons by Of Ons 
We replace §7 by the 

Lemma: If = 81 +1, m > 3, an invariant sub-group I con- 
taining every coincides ‘with H. 

Indeed, O07? Of transforms C, C, into Q7? C, C;, so that 
I contains every Q7?. Having T,,C,, I contains every 
Oz? Or. Thus, for example, 


( T1sCs) (On? Of?) ( (Opf 


14. THEorEM: For p> 2, the ternary orthogonal group in 
the GF [p"] has a sub-group H’ of index two and of order 
3p"( p™ — 1) which is simply isomorphic to the group of linear 
fractional substitutions of determinant unity on a single index. 

Indeed, the orthogonal substitution 


3 
8S: & =2% & (t=1,2, 3), 
expressed in terms of the new indices 
leaves 7,’ — 7, 7, invariant and has the form 
( ay $(4,,—ta,, ) —}3(4,,+7%2,,) 
8,: a,,+%2,, 4(4,, + ity + 
—4,,—t4,, 
Understanding by H’ the group H or H, according as 
p" = 8l1+3 or p*= 8l+1, we may verify that for every 
substitution of H’ the coefficient 4(4,,— ia,, + ia,,+ 2,,) is 
the square of a complex a of the form p + «1, where p and « 
are marks of the GF [p"]. It readily follows* that S, may 
be written in the form : 
ad+ fy ay (0 
268 [ad — fy = 1] 
os # 
where a is conjugate t6 3,8 toy. Further two such ternary 


*Compare Klein-Fricke : Automorphic Functions 1, p. 14; Weber: 
Algebra, II., p. 190. 
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substitutions have the same composition formula as linear 
fractional substitutions. Hence, according as —1 is a 
square or a not-square, H’ is simply isomorphic to the 
‘‘real’’ or the ‘‘ imaginary ’’ form * of the group of linear 
fractional substitutions of determinant unity. Thus, for 
p" > 3, H’ is simple. 

15. Observing that the squares of the substitutions 


nf T,3C,C,C;, orf x4 


are respectively Qi: {, Otf O%f, Of 
we may unite our results into the following 

THEOREM: The squares of the linear substitutions on m indices 
in the GF[ p"], p+-2, which leave invariant the sum of the squares 
of the m indies, generate a group, which for m= 2k +1 has 
the order 

and is simple except when p* = 3,m=3; while form = 2k>4 
at has the factors of composition 2 and 
— (= —1) pi (p™ — 1) 


the sign + depending upon the form 41 + 1 of p*. 
UNIVERSITY OF CALIFORNIA, 
February 10, 1898. 


A PROOF OF THE THEOREM: 
Ou a Ou 
Oxrdy dydz 
BY MR. J. K. WHITTEMORE. 


(Read before the American Mathematical Society at the Meeting of Apri} 
30, 1898. ) 


THEoREM: Let u = f(x, y) denote a function of the two in- 
dependént variables x and y which, together with its first deriva- 
tives and the two second derivatives in question, is continuous in 

Ou Ou 
the neighborhood of the point (z, then 
O*f(z, y) of(z, y) 


* Moore: Mathematical Papers of the or Congress (1893), ‘A 
doubly-infinite system of simple groups,’’ 32 5-6. 
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o*f(z, y) y) 
and let denote 


Let (,,y,) be any point for which the conditions of the 
theorem are fulfilled and let the lines = a,2=b, y=e, 
y=d bound a region of the plane enclosing the point 
(2; ¥.) and so small that the conditions stated are satisfied 
throughout the interior of the rectangle and on its boun- 
dary. Under these conditions we have 


Say — 40, d) — f(b, 0) 4) 0) 


Sue fay = fib, 4) — fle, d) — 


But, under the conditions of the theorem, 


Of(z,y) OF, 9) \ 
Sa Oxdy Oydx 


Now, if a function, continuous in the neighborhood of a 
point (z,, y,), is such that its integral, extended over any 
rectangle enclosing this point , is zero, it is readily seen 
that the function cannot be positive or negative at the point 
Hence 


(x, y) _ y) 
Oxdy Oydz 


at the point (z,,y,). But this was any point, and the the- 
orem is proved 


=0 


SOME OBSERVATIONS ON THE MODERN THEORY 
OF POINT GROUPS. 


BY MISS FRANCES HARDCASTLE. 


TuE origins of the theory of point groups are to be found 
in Brill and Noether’s classic memoir (see infra) published 
nearly twenty-five years ago, but it is only within the last 
fifteen years that systematic attention has been given to the 
subject by the Italian mathematicians, Segre, Bertini, 


__E 
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Castelnuovo and others ; in their hands a series of isolated 
problems bids fair to develop into an organic theory, a 
theory, moreover, which furnishes links in thought between 
subjects as apparently diverse as projective geometry and 
the analytical theory of elimination, while maintaining the 
initial, direct connection between the theory of higher 
plane curves and the theory of functions. In the following 
pages I have briefly indicated some of the converging lines 
of the German and Italian work ; in the first section, by a 
discussion of certain of the technical terms ; in the second 
section, starting from the so-called Riemann-Roch equa- 
tions, by the suggestion of certain lines of enquiry which 
may prove useful in the classification of algebraic curves. 
The appended bibliography i is divided into two parts; the 
first contains those memoirs which may be considered as 
fundamental, from the historical as well as from the purely 
technical point of view, to the theory of point groups, in- 
cluding those more especially concerned with linear sys- 
tems of plane curves; the second includes memoirs on the 
theory of curves in ordinary and in hyperspace, more or 
less directly connected with the theory of point groups. 


The geometry of a space of a given number of dimen- 
sions treats of the characteristic properties of the configura- 
tions existing in that space and formed by spaces of a smaller 
number of dimensions. The geometry on a plane curve, a 
one-dimensional space, deals, therefore, with configurations 
formed of points and studies the laws which they follow. 
In this connection the curve is called the base curve, the 
configurations are point groups. A point group which pre- 
sents itself very naturally is that formed by the intersections 
of the base curve with any other specified plane curve, and 
among such special attention has been directed to those ob- 
tained by means of the so-called adjoint curves—curves, 
namely,which have an (i — 1)-fold point at every i-fold point 
of the base curve (whether satisfying further conditions or 
not). In the discussions of such point groups, those inter- 
sections of the adjoint curve with the base curve which 
necessarily coincide with the i-fold points of the latter* are 
excluded. A point group in this portion of the theory is com- 
posed of some or all of the remaining points of intersec- 

* The i-fold points of the base curve are often referred to as the base 


points, the remaining points of intersection of an adjoint curve with the 
base curve as the moveable points of intersection. 
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tion of an adjoint curve and the base curve. Of fundamental 
importance in these investigations is the Theorem of Residu- 
ation, which introduces the notions of residual and coresidual 
point groups and establishes a characteristic property of such 
point groups. The definitions are as follows: That point 
group G, of Q points, which together with a point group 
G, of R points, makes up the whole number of intersec- 
tions (always excluding the base points) of the base curve 
with an adjoint curve of arbitrarily assumed order, is said 
to be residual to G, and vice versa ; two point groups Gz, Gz 
are said to be coresidual with respect to a third point group Go 
when each is residual to G,; and it is noteworthy that this 
definition applies whether the orders of the adjoint curves 
which pass through the pairs of point groups Ga, G, and 
Gy, Ge respectively, be the same or different; thus the 
coresidual point groups G,, Gz do not necessarily contain 
the same number of points. The theorem in its simplest 
form is thus worded: if the point groups Gz, Gz, are 
coresidual with respect to a point group Go, they are also coresid- 
ual with respect to every other point group Gg, residual to any one 
of their number.* 

The proof of the theorem of residuation is such that it 
is capable of immediate extension by introducing, in the 
place of a single point group, the wider conception of a 
system of point groups, determined on the base curve by a 
system of adjoint curves. A system of point groups, namely, 
G,, Gz, ---, is determined on the base curve by means of a 
system of adjoint curves, in which every curve is con- 
strained to pass through a given point group Go, (Gz, Ge, -- 
form, in fact, a coresidual system in which R= Ff’ =..., 
numerically); or, we may say, this system of adjoint curves 
is determined by G, and determines Gz, Gz, ---. The theo- 
rem of residuation then shows that, if Go beany point group 
coresidual to Ga with respect to Gz, the system of adjoint curves de- 
termined by Gq is equivalent to that determined by Gy, the same 
system of point groups Gz, Gy, --- being determined on the base 
curve by either system of adjoint curves. The equation of a 
system of adjoint curves involves one or more variable 
parameters, which may, without invalidating the truth of 
the theorem, enter in any specified degree ; the most simple 
case, that of linear systems, however, is the only one which 


*The nomenclature is due to Sylvester (cf. Salmon’s Higher Plane 
Curves, 2d edit. (1873), p. 131), who proved the theorem for cubics ; the 
notation, Gg, was introduced by Brill and Noether in the memoir re- 
ferred to above, viz.: ‘‘ Ueber die algebraischen Functionen und ihre 
Anwendung in der Geometrie,’’ Math. Annalen., vol. 7 (1873). 


1898. ] MODERN THEORY OF POINT GROUPS. 393 


has been at all fully worked out. And the importance of 
the theorem of residuation lies in the fact that the num- 
ber r of linearly independent curves.of a linear system of 
adjoint curves determined by any one of a coresidual system 
of point groups, Go, Go, --- is the same; this number r is 
therefore characteristic of a unique coresidual system of 
point groups, G,, G,, --- and may be affixed as an index to 
the symbol denoting any one of these point groups ; «. g., 
G;. If it is not essential to fix the attention on any one 
point group of such a coresidual system, but rather on the 
linear system itself (of which the single point group is an 
element) the symbol g;, is employed. 

This is the original, limited meaning of this symbol as 
introduced by Brill and Noether (loc. cit.). Later, in the 
Italian memoirs, the symbol is used to denote any system 
of point groups on a base curve, whether determined by ad- 
joint curves or not and whether tkese adjoint curves, if em- 
ployed, satisfy further conditions or not; it simply means 
that the system of point groups is r-ply infinite and that 
each element is composed of a group of £ points on the base 
curve ; the order of the system gi, is R, the dimensions r. And 
then, if gz be a linear system (whether determined by ad- 
joint curves or not) a distinction is drawn between “ com- 
plete’’ systems (serie completa, Vollschaar) and ‘‘partial’’ sys- 
tems (serie parziale, Teilschaar),* viz., a linear system is 
complete if it is not contained in another of the same order 
but of higher dimensions; partial, if it is so contained. 

With reference to the relation between the values of R 
and r in a linear gz, it can be proved} that, the deficiency 
of the base curve being a known quantity p, a g; for which 
R—r=p—1 can always be determined on the base curve 
by means of a system of adjoint curves of order n—3 
(where n is the order of the base curve); and this holds 
whether RF be less than or equal to the whole number of in- 
tersections (excluding the base points) of a curve of the 
system with the base curve ; such systems of point groups 
are said to be special systems. It can also be proved that the 
linear system determined on the base curve by a system of 
adjoint curves of any order which satisfies no further condi- 
tion than those due to its passage through the base points 
(and possibly through ordinary points on the base curve)is 
always complete ; { thus a special system if determined by 
such a system of adjoint curves (of order n — 3) is com- 

* Cf. Segre, Annali di matematica, vol. 22, p. 65, (1894). 


fae and Noether, loc. cit., p. 278. 
Cf. Bertini, Annali di matematica, vol. 22, p. 9, (1894). 
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plete, but neea uve necessarily be so. Moreover it follows * 
from the theorem of residuation and from the nature of a 
special system that there are exactly p linearly independent 
adjoint curves of order n — 3; each of these cuts the base 
curve in 2p — 2 points. In other words, then, there exists 
on the base curve a which is special: and complete; this 
system has been termed the canonical system (serie canonica).f 

The above definition of a special system is not that origin- 
ally given by Brill and Noether; they defined{ a special 
point group G; as one for which 


R—r<p—l, 


thus omitting the case in which R—r=p—1. Lindemann 
has adopted this original definition in his edition of Clebsch’s 
Geometrie§, published in 1876, butin Brill and Noether’s re- 
port on the theory of algebraic functions ||, published in 1894, 
the wider definition is adopted and the distinction between 
the two cases is effected by the introduction of the term eztra- 
ordinary point group (ausgezeichnete Gruppe) to designate 
any point group which presents fewer conditions to a given 
system of curves (whether adjoint curves, or not) than the 
number of points it contains; a point group for which 
R—r<p-—l1, is extraordinary with respect to the linear system 
of adjoint curves of order n — 3, it is a particular case of an 
extraordinary point group, being, in fact, an eztraordinary, 
special point group ; a point group for which R — r= p—1, 
on the other hand, is special but not extraordinary. The 
Italian mathematicians use the wider definition, sometimes 
in the form: gz is a special point group if R—r=p—1 ; 
sometimes in the equivalent form : ¢, is a special point group if 
it can be determined on the base curve by a linear system of adjoint 
curves of order n — 3**. Moreover, instead of marking out a 
given point group as extraordinary with respect to a given sys- 
tem of curves, they say that a givén system of curves is 
regular (regolare){} with respect to a given point group when 
the conditions which every curve of the system must satisfy 
in order to pass through this point group are all indepen- 
dent, and if the system is not regular, ¢. e., if the conditions 


* Brill and Noether, Joc. cit., p. 280. Cf. also Bertini, loc. cit., p. 17: 


t Segre, loc. cit., p. 118. 
toc. cit. p. 280. 


2p. 699. 

|| Jahreshericht der deutschen Mathematiker-Vereinigung, vol. 3, pp. 542, 
543. 

(Segre, loc. cit., p. 15. 


** Bertini, loc. cit., p. 111. 
tt Castelnuovo, Mem. d. Reale Accad. di Torino, vol. 42, (1891). 
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are not all independent (in the German terminology, if 
the given point group is extraordinary with respect to the given 
system of curves) the number of conditions which follow from 
the rest is called the excess (sovrabbondanza)* of the system of 
curves. 

In Brill and Noether’s paper, the main object of which 
was the algebraic formulation of theorems known to be true 
from the theory of functions, point groups, as such, only 
present themselves incidentally and attention is almost ex- 
clusively directed to the special systems, and, moreover, to 
complete special systems. It was there shown for the first 
time that complete special systems of point groups always 
present themselves in pairs in such a manner that the ex- 
istence of one system carries with it the existence of the 
complementary system. Theirstatement of this theorem is 
as follows: if through a point group Gi, on the base curve where 
q= Q—pt+1+r (1 being a positive integer less than p — 1) 
an adjoint curve of order n— 3 be passed, it will intersect the 
base curve in 2p — 2 — Q = R more points which again belong to 
a special system giz, the value of r being R— p + 1 + q derived 
from the equation above. Brill and Noether call this theorem 
the Riemann-Roch Theorem but Klein points out that the 
Brill-Noether Theorem of Reciprocity would be the more ap- 
propriate title. The equations involved may be written 


Q+ R=2p-2, (i) 
Q—R=2(q—r), 
and are usually referred to in this form.+ 
§ 2. 


Two problems present themselves with reference to 
complete special systems of point groups regarded in con- 
nection with equations (7) and (ii). 

(a) On a given base curve to enumerate all possible com- 
binations of values of Q, q—whenee R, r are known— 
and to show how each such gj? is determined. 


* Castelnuovo, Ibid., p. 9. F. S. Macaulay in a paper on “ Point 
Groups in Relation to Curves’’ (Lond. Math. Soc. Proc., vol. 26, pp. 495- 
544, 1895), defined excess with reference to the point group not to the 
system of curves (p. 499) but, with care, no ambiguity need arise from 
this ; Professor Klein in his lectures on Riemann’s surfaces delivered in 
Gottingen, in 1891-92, employed the term Ueberschuss ; it is used with 
reference to the point group, but turns out to be greater by unity than the 
excess, owing to the way in which it is originally defined (see litho- 
raphed lectures on Riemann’sche Flachen, I., p. 108 ; II., pp. 76, 77). 

t loc. cit., I, p. 108. 
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(2) To find on which base curves any given special sys- 
tem gj—and hence also its known complementary system 
gz —can be determined and how. 

By saying that a base curve is given is meant, not only that 
n and p are known, but also what particular combination of 
double points and other (ordinary) higher singularities pro- 
duce the given value of p. And to ‘‘show how’’ means to 
decide the geometrical laws which govern every point group 
of the gi, ¢. g., that 3 points of every G% lie on a straight 
line, that 2 points of every Gi and a singularity of the base 
curve lie on a straight line, etc. 

In the first place, it is necessary to establish a limitation 
to the possible combinations of values of @ and q, since 
equations (i) and (7), for a given value of p, admit of an 
infinite number of such combinations. The fact that the 
questions involved in a one-one transformation of the base 
curve were of primary importance in Brill and Noether’s 
paper led them in the second part of their memoir to deal 
exclusively with those base curves which are said to be 
‘* general’’ for a given deficiency. And the necessary 
limitation on the values of Q and q for a heey system g% 


on such a base curve is found to be p—(q +1) (r+1)=0. 


But if we regard the problem as formulated in (a2) we do not 
necessarily confine our attention to ‘‘ general ’’ base curves 
and a limitation. to the values of > q may exist, which, 
while ineluding all combinations permitted by Brill and ‘Noether’s 
inequality, permit others which theirs excludes. Such a limita- 
tion was first established in the theory of abelian func- 
tions by Clifford,* if Q=2q. It can be found without 
reference to abelian functions as follows : f 

The Theorem of Reciprocity shows that by constraining 
the (p —1)-ply infinite system of adjoint curves of order 
n — 3 to pass through the @Q points of any G4 belonging to 
@ given gj, we determine on the base curve a gz, and that 
by constraining the ( p — 1)-ply infinite system of adjoint 
curves of order n — 3 to pass through the RF points of any 
G, of this g, we determine on the base curve the same 
9 initially given. If we add the degrees of freedom of the 
element G% to the degrees of freedom of the system g; de- 
termined by it, the sum cannot exceed the number of degrees 
of freedom of the system of adjoint curves of order n — 3 by 
means of which both the gj, and the g;, are determined, i. e., 
q+r=p-—1i1. And by equations (i) and (i) this is 


* “On the Classification of Loci,”’ Phil. Trans., 1878. (Math. Papers, 


p. 329.) 
t Cf. also Bertini: Annali di matematica, vol. 22, p. 20. 
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equivalent to 9—2q=0. Now, since Q=p—1+ 
Q—2q=p—(9+1) (r+1)+¢q@ and hence Clifford’s 
theorem permits all combinations of values of Q and q in- 
cluded in Brill and Noether’s formula and also permits other 
combinations for which p—(q+1)(r+1) is negative, 
provided this quantity is numerically less than gr. For in- 
stance, if p= 6, g,' g,° makes p — (q + 1) (r + 1) negative, 
but this pair of special systems can be found on a sextic 
with a triple point and a double point, for it is determined 
by the degenerate system of adjoint cubics consisting of a 
straight line’ through the triple point, cutting the base curve 
in a G,' and a conic through the triple point and the double 
point cutting the base curveinaG,. Again, if p= 7, 9,9, 
makes p — (¢+1) (r+ 1) negative, but, nevertheless, exists 
on a sextic with 3 double points, being determined by a 
straight line through one double point and a conic through 
the remaining two. 

This restriction, Q=29, applies to every base curve, but 
on a given base curve, it may be possible to find further re- 
strictions of a similar character, viz., Q=2zq, where z has 
some value other than 2. There is, however, a unique 
character about the value z = 2, for this reason : 


let Q=2q +k, (k=0); 
then since r=p—1+ q-—Q, 
R—2r = 2p —2— Q—2(p—1+9—Q) 
= (2—2) (p—1—Q) +k. 


Thus, if 2, R=zr according as Q=zq, but if z>2, 
this is only truewhen Q= p—1; if2>2 andQ<p—1,R 
must be < zr, if Q=-2q; the other possible cases, however, 
give no necessary limits to the values of R dependent on the 
values of Q. 

As a particular example of such a restriction on a partic- 
ular base curve, it can be shown* that no pair of comple- 
mentary special systems 9%, 9% for which Q << 3q and R< 3r 
can exist on a curve of the nth degree with an (n — 3)-fold 
point, T triple points and 2n — 5 — p—3T double points. 


* Hardcastle: Lond. Math. Soc. Proc., vol. 29. 
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braischen Curve. Mathematische Annalen, vol. 36, pp. 
321-360. 

CASTELNUOVO: Alcune osservazioni sopra le serie irrazio- 
nali di gruppi di punti appartenenti ad una curva alge- 
brica. Rendiconti dei Lincei, 4th ser.,vol..7, pp. 294-299. 
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curve piane. Memorie di Torino, vol. 42, pp. 3-48. 
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dine. Atti di Torino, vol. 21, pp. 868-891. 
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Napoli, vol. 25, pp. 205-213. 
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vol. 1, pp. 338-349. 
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nello spazio di n dimensioni. Rendiconti di Palermo, 
vol. 1, pp. 241-271. 

SEGRE: Intorno alla geometria su una rigata algebrica. 
Rendiconti dei Lincei, 4th ser., vol. 3, pp. 3-6. 

SEGRE : Sulle varieta algebriche composte di una serie sem- 
plicemente infinita di spazi. Rendiconti dei Lincei, 4th 
ser., vol. 3, pp. 149-153. 

SEGRE: Recherches générales sur les courbes et les sur- 
faces réglées algébriques. Part I. Mathematische An- 
nalen, vol. 30, pp. 203-226. 

SEGRE: Sulle curve normali di genere p dei vari spazi. 
Rendiconti Lombardi, 2d ser., vol. 21, pp. 523-528. 

CASTELNUOVO: Una applicazione della geometria enumer- 
ativa. Rendiconti di Palermo, vol. 3, pp. 27-37. 

CASTELNUOVO: Numero degli spazi che segano pit retti in 
uno spazio di n dimensioni. Rendiconti dei Lincei, 4th 
ser., vol. 5, pp. 71-78. 

SEGRE: Recherches générales sur les courbes et les sur- 
faces réglées algébriques. Part II. Mathematische An- 
nalen, vol. 34, pp. 1-25. 

DEL PEzzo: Sui sistemi di curve e di superficie. Rendi- 
conti di Palermo, vol. 3, pp. 236-240. 

CASTELNUOVO: Sulle superficie algebriche le cui sezioni 
piane sono curve iperellittiche. Rendiconti di Palermo, 
vol. 4, pp. 73-88. 

CASTELNUOVO: Sulle superficie le cui sezioni sono curve di 
genere 3. Aiti di Torino, vol. 25, pp. 695-715. 

CASTELNUOVO : Sui multipli di una serie lineare di gruppi 
di punti appartenente ad una curva algebrica. Rendi- 
conti di Palermo, vol. 7, pp. 89-111. 

CASTELNUOVO: Sulla razionalita delle involuzioni piane. 
Rendiconti dei Lincei, 5th ser., vol. 2, pp. 205-209. 
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curve appartenenti ad una superficie algebrica. Rendi- 
conti dei Lincei, 5th ser., vol. 2, pp. 3-8. 

1893. ENRIQUES: Sui sistemi lineari di superficie algebriche le 
cui intersezioni variabili sono curve iperellittiche. Ren- 
diconti dei Lincei, 5th ser., vol. 2, pp. 281-287. 

1896. ENRIQUEs: Sopra le superficie algebriche di cui le curve 
eanoniche sono iperellittiche. Rendiconti dei Lincei, 5th 
ser., vol. 5, pp. 191-197: 


NOTE ON CONTACT TRANSFORMATIONS. 
BY PROFESSOR EDGAR ODELL LOVETT. 


In a paper ‘‘ Ueber die geodatische Kriimmung der auf 
einer Flache gezogenen Curven und ihre Aenderung bei 
beliebiger Transformation der Flache’’ in the Zeitschrift 
fir Mathematik und Physik, Vol. XXXVII., 1892, Dr. 
Mehmke, Schlomilch’s successor as one of the editors of 
that journal, derives some interesting theorems relative to 
the change in the geodesic curvature of a curve on a surface 
when the latter is subjected to point transformations. Gen- 
eralizations of these theorems are sought and are introduced 
by the following paragraph: ‘‘ Die obigen Satze erfahren 
eine Erweiterung und finden zugleich ihren naturlichen 
Abschluss beim Uebergange zu Transformationen, welche 
aus der Anwendung des Lie’schen Begriffes der Berthrungs- 
transformationen auf die Flachentheorie hervorgehen. Wir 
kénnen jedem Linienelement auf einer gegebenen Flache 
ein bestimmtes Linienelement auf einer anderen gegebenen 
Flache so zuordnen, dass je zwei, im Sinne des Herrn Lie 
vereinigt liegenden Elementen wieder zwei vereinigt lie- 
gende Elemente entsprechen. Dann wird jede auf der 
ersten Flache gezogene Curve sich in eine Curve (in be- 
sonderen Fallen auch in einen Punkt) der zweiten Flache 
verwandeln und zwei sich beriihrende Curven werden im 
Allgemeinen in zwei sich ebenfalls berihrende Curven tiber- 
gehen.* Die punktweise Transformation einer Flache ist 
hierin als besonderer Fall enthalten.’’ 

This is correct if the footnote and last sentence be omitted. 
These call for modification in order to correct misappre- 


* ** Derartige Transformationen von Flachen sind meines Wissens noch 
nicht untersucht worden. Sie lassen sich, wie leicht zu sehen ist, den 
riumlichen Beriihrungstransformationen keineswegs unterordnen. ”’ 
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hensions that the reader of the paper referred to may carry 
away with him. These transformations have been studied ; 
they fall under Lie’s categories of contact transformations ; 
and for space the transformations in question are ’ nothing 
but point transformations. 

There are two cases to consider: 1° when the given sur- 
face is transformed into itself; 2° when it is transformed 
info another surface. In each case, by the geometrical 
definition of the transformations, two associated lineal ele- 
ments are to be transformed into two associated lineal ele- 
ments, that is, element association is to be transformed into 
element association.* 

In the first of the above two cases there are two classes of 
transformations possible: (a) those transformations of the 
two dimensional manifoldness which transform lineal ele- 
ment association into lineal element association, these are 
the proper contact transformations of the surface ; (5) those 
transformations of space which leave the surface invariant 
and at the same time transform lineal element association 
into lineal element association. 

In the second case considered above there is but one cate- 
gory of transformations to study, namely, (c) those trans- 
formations of space which transform associations of lineal 
elements in space into lineal element associations. 

Of these three classes of transformations those of the first 
class (a) are proper contact transformations of a two-dimen- 
sional manifoldness ; and the transformations (6) are a par- 
ticular type of the transformations (ec). This third category 
of transformations has been studied by Lie and the precise 
nature of its transformations determined. 

A lineal element of the plane is the ensemble of a point 
and a line through the point. Two elements infinitely pear 
to each other are said to be associated when the point of 
the first lies upon the line of the second to terms of the 
second order. A family of o' lineal elements is said to 
form an element association when every element is associ- 
ated with all the infinitely neighboring elements of the fam- 
ily. An element association of lineal elements in the plane 
consists of the oo’ linea] elements of a point or of those of 
a curve. Contact transformations of the plane are those 
transformations of lineal elements which change element 


* Those who are not wholly familiar with these notions will find them 
explained in a review of Lie’s Geometry of Contact Transformations 
which appeared in the BULLETIN, 2d series, volume 3, number 9, 
June, 1897, pp. 321-350. Proofs of several theorems quoted later will be 
found in the fifth section of the tenth chapter of the above work. 
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association into element association ; those which transform 
point into curve are proper contact transformations ; those 
which transform point into point are the so-called extended 
point transformations. 

The notion lineal element in the plane has two corre- 
spondents in ordinary space: 1° the aggregate of a point 
and a line through it; 2° the ensemble of a point and a 
plane through it, the latter being called a surface element. 
Two lineal elements are said to be associated in space in the 
same sense as in the plane. Two infinitely neighboring 
surface elements are said to be.associated if the point of one 
lies in the plane of the other to terms of the second order. 
Element associations of lineal elements and element associ- 
ations of surface elements are defined in an obvious manner 
analogous to the lineal element associations of the plane. 
Similarly there are transformations of lineal elements of 
space which transform lineal element association into lineal 
element association, and transformations of surface elements 
which transform surface element associations into surface 
element associations. 

Now it is a curious fact that the direct extension of the 
notion lineal element association to space avails but little, 
while the modified extension to that of surface element as- 
sociation proves to be most fruitful. Lie recognized very 
early in his geometrical work that transformations of sur- 
face element associations into such include transformations 
which are not point transformations (since there are five 
varieties of surface element associations, namely the o’ ele- 
ments of a point, the o’ of a curve, the «’ of a surface, 
the o' of an element band along a curve, and finally the 
oo’ of an element cone), namely the so-called proper contact 
transformations of space ; while those transformations which 
change lineal element association into lineal element associ- 
ation are always extended point transformations. Then the 
above corrections are completely borne out if it be further 
observed that of these lineal element associations in space 
there are three varieties: 1° the o’ elements of a curve; 
2° the o' elements of an element cone ;3° the «’ elements. 
of a point. 

PRINCETON, N. J., 

21 March, 1898. 
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FOCAL PROPERTIES OF SURFACES OF THE 
SECOND ORDER. 


Die Focaleigenschaften der Flichen zweiter Ordnung. Ein neues 
Kapitel zu den Lehrbiichern der analytischen Geometrie des 
Raumes. Von Professor Dr. Orro Staupe. Leipzig, 
Teubner, 1896. 8vo, viii + 186 pp. 

Tuis is a text-book which has grown from four articles by 
the author, published in: Berichte der K. Sachsischen Gesell- 
schaft der Wissenschaften zu Leipzig, 1882, p. 5, Mar. 3; 1895, 
p. 483, July 1; Mathematische Annalen, vols. 20 and 27. 

The focal properties of the conic in the plane are so 
familiar that it is natural to enquire if there be not their 
counterpart in space. Investigations in this line for cer- 
tain particular theorems were published by : Dupin (1813), 
Développement de géométrie; Steiner (1826), - Crelle 1; 
Jacobi (1834), Crelle 12 ; Chasles (1835), Mémoires de VIn- 
stitut, and (1837), Notes ; MacCullagh (1836), Proceedings of 
the Irish Academy; Lamé (1837), Liouville2 ; Salmon (1842) ; 
Amiot (1843), Liouville 7, and (1845), 10; Pliicker (1846), 
System der analytischen Geometrie des Raumes ; Liouville 
(1847), Liouville 12; Townsend (1848), Cambridge and Dublin 
Mathematical Journal 3. This list of names makes it 
all the more strange that these masters of geometric 
analysis did not carry through the reasoning and find 
the focal properties. It was reserved for the author to sim- 
plify much that had gone before and to develop in a 
simple way the general theory by the use of the now com- 
mon idea of a movable coordinate triheder. This develop- 
ment is also particularly valuable in that it uses throughout 
either the elliptic or parabolic coordinates, giving a most ex- 
cellent presentation of these systems. And not the least 
important feature of the book is the care with which 
these exceptional cases are treated as part of the organic 
whole. 

The first step in the development consists in using the 
equation to the cone from any point in space to each of the 
focal conics of a confocal system. This is found to be as 
follows: 4, », » being the parameters of the three surfaces 
of the system through the point P; =, 7. 5, coordinates of 
any point referred to the three normals at P to these sur- 
faces as axes; £,7, the parameters corresponding to the two 
focal conics ; then the equations of the cones from P (A, », v) 
to the two focal conics are derived in the form (either for a 
central or a parabolic system) : 
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72 
(54+ =0, 


(8 (5-54 =O. 


The lines common to these cones are called the focal lines of 
P. There are four real lines, and, in general, they are dis- 
tinct. If the point Pbe on the other focal conic the cone 
is right circular. Thence Professor Staude deduces many 
theorems, of which some had been known previously but 
not included in the general theory 

Possibly the most interesting, although not the most gen- 
eral of the focal properties which Professor Staude deduces, 
are the following. (The ‘‘ focal distance ’’ from any point 
to the focus of the one of a pair of focal conics is defined as 
the shortest distance on the broken line to a point on that 
conic, and thence to the adjacent focus). 

In an ellipsoid, for any point on the surface, the sum of 
the focal distances to a focus of the focal ellipse and to the 
opposite focus of the focal hyperbola is a constant. And 
the normal to the surface at the point bisects the angle of 
the two lines. This theorem is the basis of the well-known 
wire model, No. 110 of the Brill collection, which represents 
the two focal curves of the system by wires rigidly con- 
nected, and which has a string fastened so as to represent 
the sum of the focal distances of the theorem. 

In an hyperboloid of one sheet, for any point on the sur- 
face, the difference between the focal distances to a focus of 
the focal hyperbola and to the adjacent focus of the focal 
ellipse is a constant. And the normal to the surface at the 
point bisects the exterior angle of the two lines. 

In an hyperboloid of two sheets, for any point on the 
surface, the difference between the focal distances to the 
two foci of a focal conic is a constant. And the normal to 
the surface at the point bisects the exterior angle of the two 
lines. It is easy to see how a string can be adjusted on the 
Brill model No. 110 to give the generation of the two hyper- 
boloids. 

For the confocal system of hyperboloids many new prop- 
erties are developed. The property of the focal paraboloids 
corresponding to Dupin’s focal properties is derived. (The 
plane having the properties of the directrix is called the 
principal directrix plane. ) 

In an elliptic paraboloid, for any point on the surface, 
the focal distance to the focus of the inner focal parabola is 
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equal to the normal upon the corresponding principal di- 
rectrix plane. And the normal to the surface at the point 
bisects the exterior angle of the two lines. 

In an hyperbolic paraboloid, for any point on the surface, 
the difference between the focal distances to the foci of the 
two focal parabolas is a constant. And the normal to the 
surface at the point bisects the exterior angle of the twe 
lines. 

The reader of this book will hope with Professor Staude 
‘that the focal properties of the conicoid will attain the 
same recognition that the corresponding properties in the 
plane have long since enjoyed.”’ 

H. D. Tuompson. 

PRINCETON, 

February 25, 1898. 


NOTE ON THE THEORY OF CONTINUOUS 
GROUPS. 


In a ‘‘ Note on the fundamental theorems of Lie’s 
theory of continuous groups,’ contributed to the But- 
LETIN in November, 1897, by Dr. Lovett, attention is 
drawn to an error or misapprehension in a paper which 
I had the honor of contributing to the Proceedings of the 
London Mathematical Society (vol. 23, p. 381-390). 

The theorem to which objection is taken is: ‘‘ If z,’, --., 
is a point obtained from the point z,, ---, x, by the operation 
xX? 
21 


and z,”, ---, z,’ is a point obtained from the point z,’, ---, x, 
by the operation 


Liat 


if + 
where 
and Y=n,X,+-+2,X, 


X, denoting the linear operator 
i=n 


then z,”,-.-, 2,’ can be directly derived from the point 
2,, ---, Z, by the operation 
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1+Z+ 
where Z=»,X,+ 
provided that, for all values of k, 7 
— X,X,= > C, X, 


where 4, », and C are any of the variables.’’ 

The ground of the objection is that I implicitly assume 
a theorem which Lie has only proved when C,, is a con- 
stant. I wish to draw attention to the fact that in my 
proof I merely assume the obvious theorem 


Limit (1+ x) =14+¥4+2 
where Y is any operator which obeys the distributive law. 
Lie’s coustants C,, cannot, of course, ret a in a simple 
group ; and the fact that Y=y»,X, + --- + #X, cannot alter 


the fact that 1+ Y+ a + -- isa simple group, though it 


can represent an infinity of simple groups by varying the 
forms of the functions ---, 
It is not asserted that, if 


X,X,—4X,= 0,%, 


then the operators X,, --, X, generate a finite continuous 
group but they do generate a continuous group. [I fear 
this is not clearly expressed in my paper.] Finally, there 
is not, so far as I can see, any discrepancy between the re- 
sult which I have given and Lie’s theorems; the latter are 
only concerned with finite continuous groups, though the 
reasoning by which they are established would, I think, 
hold good equally if his parameters a,, --- ,a, instead of being 
taken as constants were taken as arbitrary functions of 
Z,,°*,2,, and the infinitesimal transformations formed by 
considering the effect of a small change in the form of any 
one of the functions. The conclusions would then, how- 
ever, be nugatory unless for intransitive groups for which 
r>n. J. E. CAMPBELL. 


HERTFORD COLLEGE, OXFORD. 
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NOTES. 


Tue Fifth Summer Meeting of the American MATHE- 
MATICAL Socrety will be held at the Institute of Tech- 
nology, Boston, Mass., on Friday and Saturday, August 
19th and 20th, thus immediately preceding the meeting of 
the American Association for the Advancement ©” Science. 
A colloquium will be held in connection with the Meeting. 
This will be conducted by Professor W. F. Osgood, who 
will give a course of lectures on some of the problems and 
methods of the modern theory of functions, and by Profes- 
sor A. G. Webster who will treat certain portions of mathe- 
matical physics. A circular giving a more definite an- 
nouncement in regard to the colloquium and the regular 
sessions will shortly be issued by the Secretary. 


THE mathematical prize of the Prince JABLONOWSKI 
Society for 1897 was not awarded, no papers having been 
received. The prize subject proposed for 1898 was re- 


ported in the BuLierin, vol. 2 (1896), p. 118. For 1901 


the Society offers a prize of 1,000 marks for the best treat- 
ment of the following problem : 

‘* To complete in some essential feature the theory of the quad- 
ratic differential forms.’’ 

‘¢ The theory of the quadratic differential forms, which 
was first exploited by Riemann and was especially advanced 
by Christoffel and Lipschitz, has acquired a prominent sig- 
nificance through the. modern investigations in geometry, 
dynamics, and the theory of transformation groups, and 
every advance in the pure theory would react beneficially 
in these various directions. Desiring that the theory of 
the quadratic differential forms should be completed in 
some essential feature, the Society invites the attention of 
the candidates especially to the question, raised by Lie’s 
researches, of the nature and properties of the forms which 
admit of continuous groups of transformations. For the 
special case n = 3 Bianchi has recently obtained valuable 
results ; itis to be hoped that the criteria for deciding 
whether a given form belongs to a preassigned type may be 
obtained in invariant form,.and that the study of ae 
geometries of the spaces in question may prove profitable. 

Manuscript must be in the hands of the Secretary of the 
Society by November 30, 1901. Details as to anonymity, 
languages permissible, etc., may be obtained from the Sec- 
retary (for 1898, Professor A. Leskien, Leipzig, Stephan- 
strasse, 10). 
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TueE philosophical faculty of the University of Géttingen 
announces, as the subject of the BENEKE Pr1zeE of 3400 marks 
(second prize, 680 marks) for the year 1901 the following: 

“ The principle of continuity, or, more specifically, the possi- 
bility of representation by means of functions everywhere differ- 
entiable was long regarded as the universal basis for the 
mathematical treatment of natural phenomena. This prin- 
ciple was introduced by the founders of the differential and 
integral calculus as self-evident ; but the progress of mathe- 
matical investigation has shown more and more that this 
position involves a very large number of tacit assumptions 
which are by no means an essential consequence of the im- 
perfection of our sense perception. Moreover, the principle 
in question is in contradiction to the accepted view of the 
molecular constitution of material bodies. The faculty 
desires a treatment, of genuine scientific interest, which 
shall present the questions involved in a generally compre- 
hensible form and shall submit to thorough investigation the 
admissibility and the advantage of the prevailing hypothesis. 
The treatment may be developed on the mathematical, the 
philosophical, or the psychological side; historical studies 
are acceptable, but are not demanded.’’ 

Manuscripts, in one of the modern languages, must be 
sent in by August 31,1900. The prizes will bé awarded on 
March 11, 1901. 


A coneress of the mathematical sciences is one of twelve 
congresses of arts and sciences to be held during the Paris 
Exposition of 1900. M. Gariel, of the University of Paris, 
and secretary of the French Association for the Advance- 
ment of Science, has charge of the organization of the 
congresses. 


PrRoFEssoR JAMES E. KEELER, director of the Allegheny 
Observatory and editor of the Astrophysical Journal, has ac- 
cepted the directorship of the Lick Observatory. 


ProFEssoR CHARLES EmILe Picarp has been recently 
elected a corresponding member of the Berlin Academy of 
Sciences. 

Art the recent annual meeting of the New York Academy 
of Sciences, Dr. George W. Hill was elected honorary 
member. 


ProressoR JAMES McManon, Cornell University, has 
been elected general secretary of the American Association 
for the Advancement of Science. 


| 
| 
| 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


CAYLEY (A.). The collected mathematical papers. Vol. XIV: Index 
to the 13 volumes. Cambridge, University Press, 1898. 4to. 5 and 
141 pp. $2.50 

Dixon (E. T.). A paper ss the foundations of projective qynery- 
Cambridge, 1898. 8vo. 84 pp. 

DOEHLMANN (K.). Projective Geometrie in synthetischer 
(Sammlung Goeschen, No. 72.) Leipzig, Goeschen, 1898. 12mo. 


162 pp. Cloth. Mk. 0.80 
Donat! (L.), Appunti di analisi vettoriale. Bologna, 1897. 4to. 26 
pp. Fr. 2.50 


GERBALDI (F.). Sul gruppo semplice di 360 collineazioni piane. (Ren- 
diconti del Circolo Matematico di Palermo, Vol. XII, 1898.) 8vo. 72 
Pp- 

HocHHEIM(A.). Problémes de géométrie analytique 4 deux dimensions. 
Ouvrage traduit de l’allemand sur la deuxiéme dition par L. Isely- 
Delisle. Fascicule I: Point, droite et cercle. Paris, Gauthier-Vil- 
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